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ODD TRANSGRESSION FOR COURANT ALGEBROIDS
PAUL BRESSLER AND CAMILO RENGIFO
Abstract. The “odd transgression” introduced in (Bressler and Rengifo, 2018) is applied
to construct and study the inverse image functor in the theory of Courant algebroids.
1. Introduction
The goal of this note is to demonstrate applications of “odd transgression” introduced in
(Bressler and Rengifo, 2018) to the theory of Courant algebroids.
The “odd transgression” functor associates to a Courant algebroid Q a differential-graded
(DG) Lie algebroid τQ over the de Rham complex equipped with a central section of degree
-2 which we refer to as a marking. Conversely, a marked DG Lie algebroid A over the de
Rham complex satisfying certain natural vanishing conditions gives rise, by way of taking its
component in degree -1, to a Courant algebroid Q(A). In particular, the Courant algebroid
Q is recovered in this manner from its transgression τQ. Using the functors τ and Q one can
project various standard constructions in Lie algebroids to the, perhaps less familiar, setting
of Courant algebroids.
In this note we apply the above idea to the functor of inverse image of a Lie (respectively,
Courant) algebroid under a map manifolds. The construction of inverse image for Courant al-
gebroids has appeared in the literature, at least in special cases; see (Li-Bland and Meinrenken,
2009; Sˇevera and Valach, 2018; Vysoky, 2019). We study the naturality properties of the
inverse image functor as well as its behavior with respect to some standard constructions.
We formulate and prove descent for Lie (respectively, Courant) algebroids along a surjective
submersion.
In addition, we take the opportunity to relate the inverse image for Courant algebroids to
the notion of Dirac structure with support and of Courant morphisms of (Alekseev and Xu,
2002) (see also (Bursztyn et al., 2009)).
The paper is organized as follows. In Section 2 we briefly review the requisite notions
from the theory of DG manifolds. In Section 3 we recall the “odd transgression” for Courant
algebroids of (Bressler and Rengifo, 2018) and further develop its properties. In Section 4
we construct the inverse image functor for O-modules equipped with an “anchor” map to
the tangent bundle and study its behavior in compositions of maps. Section 5 is devoted
to setting up the descent problem. In Section 6 we apply previously obtained results to the
setting of DG Lie algebroids. In Section 7 we construct the inverse image functor for Courant
algebroids and study its relationship to various notions of Courant algebroid theory.
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1.1. Notation. In order to simplify notations in numerous signs we will write “a” instead
of “deg(a)” in expressions appearing in exponents of −1. For example, (−1)ab−1 stands for
(−1)deg(a)·deg(b)−1.
Throughout the paper “manifold” means a C∞, real analytic or complex manifold. For
a manifold X we denote by OX the corresponding structure sheaf of real or complex valued
C∞, respectively analytic or holomorphic functions. We denote by TX (respectively, by ΩkX)
the sheaf of real or complex valued vector fields (respectively, differential forms of degree k)
on X .
For a sheaf of algebras R on X , let R−Mod denotes the (abelian) category of sheaves of
R-modules on X .
For a map of manifolds f : Y → X and E ∈ OX−Mod, we denote by
f ∗E := OY ⊗f−1OX f
−1E
the induced OY -module, where f
−1 denotes the sheaf-theoretic inverse image. The assign-
ment E 7→ f ∗E extends to a functor
f ∗ : OX−Mod→ OY −Mod.
For a sheaf F on X , by a ∈ F we mean that a is a local section of F , i.e. there is an open
set U of X such that a ∈ Γ(U ;F).
For a Z-graded object A and i ∈ Z we denote by Ai the graded component of A of degree
i.
2. DG manifolds
In what follows we use notation introduced in (Bressler and Rengifo, 2018).
2.1. The category of DG manifolds. For the purposes of the present note a differential-
graded manifold (DG-manifold) is a pair X := (X,OX), where X is a manifold and OX is a
sheaf of commutative differential-graded algebras (CDGA) on X locally isomorphic to one
of the form OX ⊗ S(E), where S(E) is the symmetric algebra of a finite-dimensional graded
vector space E.
Let X = (X,OX) and Y = (Y,OY) be DG-manifolds. A morphism φ : X → Y is a
morphism of ringed spaces, which is to say a map φ : X → Y of manifolds together with a
morphism of differential-graded algebras φ∗ : φ−1OY → OX compatible with the canoncical
map φ−1OY → OX .
We denote the category of DG-manifolds by dgMan. Let dgMan+ denote the full subcat-
egory of DG-manifolds X = (X,OX) such that O
i
X = 0 if i < N for some N ∈ Z.
For X ∈ dgMan we denote by OX−Mod the category of sheaves of differential-graded
modules over the structure sheaf OX.
Example 1. An ordinary manifold is an example of a DG-manifold with the structure sheaf
concentrated in degree zero. Each ordinary manifold X determines a DG-manifold X♯ ∈
dgMan+ defined by X♯ = (X,Ω•X , d) and frequently denoted by T [1]X in the literature.
ODD TRANSGRESSION FOR COURANT ALGEBROIDS 3
There is a canonical morphism X → X♯ of DG-manifolds defined by the canonical map
Ω•X → OX .
Example 2. Let ~t denote the DG-manifold with the underlying space consisting of one point
and the DG-algebra of functions O~t = C[ǫ], the free graded commutative algebra with one
generator ǫ of degree −1 and the differential ∂ǫ : ǫ 7→ 1. Note that ~t ∈ dgMan
+.
The category dgMan+ has finite products ((Bressler and Rengifo, 2018), Lemma 2.1). For
X = (X,OX),Y = (Y,OY) ∈ dgMan
+ the product is given by (X × Y,OX×Y) with
OX×Y := OX×Y ⊗pr−1X OX⊗pr
−1
Y OY
pr−1X OX ⊗ pr
−1
Y OY.
2.2. The odd path space. For a manifold X the mapping space X~t is represented by the
DG manifold X♯ of Example 1 ((Bressler and Rengifo, 2018), Theorem 2.1). The evaluation
map
ev : X♯ ×~t→ X
corresponds to the morphism of “pull-back of functions”
ev∗ : OX → OX♯ [ǫ] := OX♯×~t
given by f 7→ f + df · ǫ.
There is a short exact sequence of graded OX♯-modules
0→ OX♯ ⊗OX TX [1]→ TX♯ → OX♯ ⊗OX TX → 0,
where OX♯ ⊗OX TX [1]
∼= TX♯/X .
2.3. Immersions and submersions.
Proposition 3. If a map of manifolds f : Y → X is an immersion (respectively, submer-
sion), then the induced map f ♯ : Y ♯ → X♯ is an immersion (respectively, submersion).
Proof. The derivative df ♯ : TY ♯ → f
♯∗TX♯ gives rise to the map of short exact sequences
0 −−−→ OY ♯ ⊗OY TY [1] −−−→ TY ♯ −−−→ OY ♯ ⊗OY TY −−−→ 0
id⊗df
y df♯
y
yid⊗df
0 −−−→ OY ♯ ⊗f−1OX TX [1] −−−→ TX♯ −−−→ OY ♯ ⊗f−1OX TX −−−→ 0
and the claim follows from the five-lemma. 
2.4. Transgression for O-modules. We denote by pr : X♯×~t→ X♯ the canonical projec-
tion. The diagram
X♯ ×~t
ev
−−−→ X
pr
y
X♯
gives rise to the functor
(2.4.1) pr∗ev
∗ : OX−Mod→ OX♯−Mod.
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Since the underlying space of both X♯ and X♯×~t is equal to X , the functor ev∗ : OX−Mod→
OX♯×~t−Mod is given by ev
∗E = OX♯ [ǫ] ⊗OX E and the effect of the functor pr∗ amounts to
restriction of scalars along the unit map OX♯ → OX♯ [ǫ].
2.5. Lie algebroids. An OX-Lie algebroid structure on an OX -module A consists of
(1) a structure of a sheaf of C-Lie algebras [ , ] : A⊗C A → A;
(2) an OX -linear map σ : A → TX of Lie algebras called the anchor map.
These data are required to satisfy the compatibility condition (Leibniz rule)
[a, f · b] = σ(a)(f) · b+ f · [a, b]
for a, b ∈ A and f ∈ OX .
A morphism of OX-Lie algebroids φ : A1 → A2 is an OX -linear map of Lie algebras which
commutes with respective anchor maps.
With the above definition of morphisms OX -Lie algebroids form a category denoted OX−
LieAlgd.
The notion of Lie algebroid generalizes readily to the DG context.
2.6. Transgression for Lie algebroids. Suppose that A is an OX-Lie algebroid as in
2.5. It is shown in (Bressler and Rengifo, 2018), 3.5, that the OX♯-module pr∗ev
∗A admits
a canonical structure of a OX♯-Lie algebroid, denoted henceforth by A
♯. Moreover, the
assignment A 7→ A♯ extends to a functor
( )♯ : OX−LieAlgd→ OX♯−LieAlgd
which preserves terminal objects, i.e. the canonical map T ♯X → TX♯ is an isomorphism, and
products.
3. Transgression for Courant algebroids
3.1. Marked Lie algebroids. Suppose that X = (X,OX) is a DG-manifold.
A marked OX-Lie algebroid is a pair (A, c), where A is a OX-Lie algebroid and c ∈ Γ(X ;A)
is a homogeneous central section (i.e. [c,A] = 0). The section c is called a marking.
It is easy to see ((Bressler and Rengifo, 2018), Lemma 3.6) that any (homogeneous) central
section belongs to the kernel of the anchor map.
A morphism φ : (A1, c1)→ (A2, c2) is a morphism of Lie algebroids φ : A1 → A2 such that
φ(c1) = c2. In particular, c1 and c2 have the same degree.
With the above definitions marked OX-Lie algebroids and morphisms thereof form a cate-
gory denoted OX−LieAlgd⋆. The full subcategory of marked OX-Lie algebroids (A, c) with
deg c = n is denoted OX−LieAlgd⋆n.
For a marked Lie algebroid (A, c) with deg c = n the Lie algebroid structure on A descends
to
A := coker(OX[n]
·c
−→ A)
((Bressler and Rengifo, 2018), Lemma 3.7). The assignment (A, c) 7→ A extends to a functor
( ) : OX−LieAlgd
⋆ → OX−LieAlgd.
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Example 4. The structure sheaf OX[n] has a canonical structure of a marked OX-Lie alge-
broid, whose non trivial part is the marking id : OX[n]→ OX[n]. In particular, the marking
is a morphism of marked Lie algebroids and the OX-Lie algebroid OX[n] is zero.
3.2. OX[n]-extensions. Suppose that B is a OX-Lie algebroid.
An OX[n]-extension of B is a marked OX-Lie algebroid (A, c) with deg c = n together with
a morphism A → B such that the sequence
0→ OX[n]
·c
−→ A→ B → 0
is exact. A morphism of OX[n]-extensions of B is a morphism of marked Lie algebroids which
induces the identity map on B. Such a map is necessarily an isomorphism. We denote the
category (groupoid) of OX[n]-extensions of B by O[n]Ext(B).
The category O[n]Ext(B) has a canonical structure of a ‘C-vector space in categories’
(hence, in particular, that of a Picard groupoid). Namely, given extensions A1, . . . ,Am and
complex numbers λ1, . . . , λm the ‘linear combination’ λ1A ∔ · · · ∔ λmAm is defined by the
push-out diagram
OX[n]× · · · × OX[n] −−−→ A1 ×B · · · ×B Amy
y
OX[n] −−−→ λ1A1 ∔ · · ·∔ λmAm
where the left vertical arrow is given by (α1, . . . , αm) 7→
∑
i
λiαi. The bracket on λ1A∔ · · ·∔
λmAm is characterized by the fact that the right vertical map is a morphism of Lie algebras.
3.3. Courant algebroids. Courant algebroids were introduced in (Liu et al., 1997), (Roytenberg,
2002) and (Bressler and Chervov, 2005). For comparison of the following definition with the
one encountered in the literature see Remark 5.
A Courant algebroid is an OX-module Q equipped with
(1) a structure of a Leibniz C-algebra
{ , } : Q⊗C Q → Q;
(2) an OX -linear map of Leibniz algebras (the anchor map)
π : Q → TX ;
(3) a symmetric OX-bilinear pairing
1
〈 , 〉 : Q⊗OX Q → OX ;
(4) an OX -linear map (the co-anchor map)
π† : Ω1X → Q.
1not assumed to be non-degenerate
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These data are required to satisfy
π ◦ π† = 0(3.3.1)
{q1, fq2} = f{q1, q2}+ π(q1)(f)q2(3.3.2)
〈{q, q1}, q2〉+ 〈q1, {q, q2}〉 = Lπ(q)〈q1, q2〉(3.3.3)
{q, π†(α)} = π†(Lπ(q)(α))(3.3.4)
〈q, π†(α)〉 = ιπ(q)α(3.3.5)
{q1, q2}+ {q2, q1} = π
†(d〈q1, q2〉)(3.3.6)
for f ∈ OX and q, q1, q2 ∈ Q.
A morphism φ : Q1 → Q2 of Courant algebroids on X is an OX -linear map of Leibniz
C-algebras such that the diagram
Ω1X
π†
1−−−→ Q1
π1−−−→ TX∥∥∥ φ
y
∥∥∥
Ω1X
π†
2−−−→ Q2
π2−−−→ TX
is commutative.
With the above definitions Courant algebroids on X and morphisms thereof form a cate-
gory henceforth denoted CA(X).
Remark 5. The orginal definition of Courant algebroid is due to (Liu et al., 1997), based on
(Courant, 1990) and (Dorfman, 1993), where the additional assumption of non-degeneracy of
the pairing is made. Under the latter assumption the co-anchor map is uniquely determined
by the anchor map and, hence, does not appear as a separate item. The broader concept
of Courant algebroid as described by the definition was advanced in (Bressler, 2007) and
permits, for example, regarding the kernel of the anchor map as a Courant algebroid with
trivial anchor.
Suppose that Q is a Courant algebroid on X . Let
Q = coker(π†).
The Courant algebroid structure on Q descends to a structure on a Lie algebroid on Q. In
what follows we refer to the Lie algebroid Q as the Lie algebroid associated to the Courant
algebroid Q.
The assignment Q 7→ Q extends to a functor
( ) : CA(X) −→ OX−LieAlgd.
For a Courant algebroid Q the opposite Courant algebroid, denoted Qop, has the same
underlying OX-module as Q, the same Leibniz bracket (i.e. { , }op = { , }), same anchor
map πop = π, the symmetric pairing 〈 , 〉op = −〈 , 〉 and the co-anchor map πop† = −π†.
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Suppose thatQ1 andQ2 are Courant algebroids. The Courant algebroidQ1∔Q2 is defined
by the push-out square
Ω1X × Ω
1
X −−−→ Q1 ×TX Q2
+
y
y
Ω1X −−−→ Q1 ∔Q2
and equipped with the component-wise operations.
3.4. Courant extensions. Suppose that A is a OX-Lie algebroid. A Courant extension of
A is a Courant algebroid Q together with the identification Q ∼= A such that the sequence
(3.4.1) 0→ Ω1X
π†
−→ Q → A→ 0
is exact.
A morphism φ : Q1 → Q2 of Courant extensions of A is a morphism of Courant algebroids
which is compatible with the identifications Qi ∼= A. We denote the category of Courant
extension of A by CExt(A). A morphism in CExt(A) induces a morphism of associated short
exact sequences (3.4.1), hence is an isomorphism of underlying OX -modules. It is easy to see
that the inverse map is, in fact, a morphism of Courant algebroids. Consequently, CExt(A)
is a groupoid.
3.5. Linear algebra. The category CExt(A) has a canonical structure of a ‘C-vector space
in categories’ (hence, in particular, that of a Picard groupoid). Namely, given extensions
Q1, . . . ,Qn and complex numbers λ1, . . . , λn the ‘linear combination’ λ1Q ∔ · · · ∔ λnQn is
defined by the push-out diagram
Ω1X × · · · × Ω
1
X −−−→ Q1 ×A · · · ×A Qny
y
Ω1X −−−→ λ1Q∔ · · ·∔ λnQn
where the left vertical arrow is given by (α1, . . . , αn) 7→
∑
i
λiαi. The Leibniz bracket on
λ1Q ∔ · · ·∔ λnQn is characterized by the fact that the right vertical map is a morphism of
Leibniz algebras.
3.6. Exact Courant algebroids. A Courant algebroidQ is called exact if the mapQ → TX
is an isomorphism. Thus, an exact Courant algebroid is a Courant extension of TX . We
denote the category of exact Courant algebroids by ECA(X) := CExt(TX).
3.7. Transitive Courant algebroids. A Courant algebroid is called transitive if the as-
sociated Lie algebroid is, which is to say, the anchor map is an epimorphism. If Q is a
transitive Courant algebroid, the sequence
0→ Ω1X → Q→ Q→ 0
is exact.
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3.8. Transgression for Courant algebroids. We denote by
(3.8.1)
∫
: pr∗ev
∗Ω1X = OX♯ [ǫ]⊗OX Ω
1
X → OX♯ [2].
the map of OX♯-modules whose component of degree −1 is the identity map.
For a Courant algebroid Q the marked Lie algebroid (τQ, c) ∈ OX−LieAlgd⋆2 is given by
the OX♯-module
τQ := coker(pr∗ev
∗Ω1X
(
∫
,−pr∗ev
∗(π†))
−−−−−−−−−→ OX♯ [2]⊕ pr∗ev
∗Q) ,
where
∫
is the map (3.8.1). In other words, the square
(3.8.2)
pr∗ev
∗Ω1X
pr∗ev
∗(π†)
−−−−−−→ pr∗ev
∗Q
∫y
y
OX♯ [2] −−−→ τQ
is cocartesian.
The anchor map is induced by pr∗ev
∗(π) and the marking c ∈ Γ(X ; τQ−2) is the image of
1 ∈ Γ(X ; (OX♯[2])
−2) under the bottom horizontal map in (3.8.2).
The bracket is the extension by Leibniz rule of
(1) [c, τQ] = 0
(2) [q · ǫ, β] = −(−1)|β|[β, q · ǫ] = ιπ(q)β
(3) [q, β] = −[β, q] = Lπ(q)β
(4) [q1 · ǫ, q2 · ǫ]−1,−1 = 〈q1, q2〉 ∈ (OX♯ [2])
−2 = OX
(5) [q1, q2 · ǫ]0,−1 = {q1, q2} · ǫ
(6) [q1 · ǫ, q2]−1,0 = −d〈q1, q2〉+ {q1, q2} · ǫ
The marked OX♯-Lie algebroid τQ enjoys the following properties:
(1) The natural map Q
♯
→ τQ is an isomorphism.
(2) The canonical map Q → τQ−1 is an isomorphism.
(3) Q is a Courant extension of A if and only if τQ is a OX♯ [2]-extension of A
♯.
The assignment Q 7→ τQ extends to a functor
τ : CA(X) −→ OX♯−LieAlgd
⋆
2.
Suppose that (B, c) ∈ OX♯−LieAlgd
⋆
2 satisfies B
i
= 0 for i 6 −2. Then, the derived
bracket and the (−1,−1)-component of the Lie bracket together with the components of
degree -1 of the anchor map and of OX♯ [2]
·c
−→ B endow B−1 with a structure of a Courant
algebroid (see (Bressler and Rengifo, 2018), Lemma 6.1). We denote this Courant algebroid
structure on B−1 by Q(B, c).
For any Courant algebroidQ the marked Lie algebroid τQ satisfies the above requirements.
Moreover, Q(τQ) = Q.
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Proposition 6. Suppose that A is a OX-Lie algebroid A. The functor τ restricts to an
equivalence of categories
τ : CExt(A) −→ O[2]Ext(A♯)
whose quasi-inverse is given by the functor
Q : O[2]Ext(A♯)→ CExt(A).
3.9. Transgression and linear algebra. Suppose that A is a OX-Lie algebroid locally free
of finite rank over OX . Then, so is any Courant extension of A. Suppose that Q1, . . . ,Qn ∈
CExt(A), λ1, . . . , λn ∈ C. For α1, . . . αn ∈ Ω1X let ℓ(α1, . . . αn) =
∑
i
λiαi.
The diagram
pr∗ev
∗ (Ω1X × · · · × Ω
1
X) −−−→ pr∗ev
∗Ω1X × · · · × pr∗ev
∗Ω1Xy
y
pr∗ev
∗ (Q1 ×A · · · ×A Qn) −−−→ pr∗ev
∗Q1 ×A♯ · · · ×A♯ pr∗ev
∗Qn
is commutative with horizontal maps isomorphisms. Both squares in the diagram
pr∗ev
∗ (Ω1X × · · · × Ω
1
X) −−−→ pr∗ev
∗ (Q1 ×A · · · ×A Qn)
pr∗ev
∗(ℓ)
y
y
pr∗ev
∗Ω1X −−−→ pr∗ev
∗ (∔ni=1λiQi)
∫y
y
OX♯ [2] −−−→ τ (∔
n
i=1λiQi)
are co-Cartesian, hence so is the outer one and the same holds for the diagram
pr∗ev
∗Ω1X × · · · × pr∗ev
∗Ω1X −−−→ pr∗ev
∗Q1 ×A♯ · · · ×A♯ pr∗ev
∗Qn
∫
×···×
∫y
y
OX♯ [2]× · · · × OX♯ [2] −−−→ τQ1 ×A♯ · · · ×A♯ τQn
ℓ
y
y
OX♯ [2] −−−→ ∔
n
i=1λiτQi
Since the diagram
pr∗ev
∗ (Ω1X × · · · × Ω
1
X) −−−→ pr∗ev
∗Ω1X −−−→ OX♯ [2]y
y
y
pr∗ev
∗Ω1X × · · · × pr∗ev
∗Ω1X −−−→ OX♯ [2]× · · · × OX♯ [2] −−−→ OX♯ [2]
is commutative with vertical maps isomorphisms it follows that there is a canonical isomor-
phism
τ (∔ni=1λiQi)
∼= ∔ni=1λiτQi.
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We leave the details of the proof of the following lemma to the reader.
Proposition 7. The functors
τ : CExt(A) −→ O[2]Ext(A♯) : Q
are morphisms of C-vector spaces in categories (and, in particular, of Picard groupoids).
4. The inverse image functor
4.1. Inverse image and fiber product for O-modules. Suppose that φ : Y → X is a
morphism of DG manifolds and A
s
−→ C
t
←− B are morphisms in OX−Mod. The sequence
0→ A×C B → A× B
s−t
−−→ C
is exact. Assume furthermore that A, B and C are locally free of finite rank. In what follows
we will consider the following condition on morphisms A
s
−→ C
t
←− B:
(C) A×C B = ker(s− t) and coker(s− t) are locally free
Condition (C) is trivially fulfilled if at least one of the two maps s and t is an epimorphism.
Lemma 8. Suppose that the morphisms A
s
−→ C
t
←− B satisfy the condition (C). Then,
the canonical morphism φ∗(A ×C B) → φ∗A ×φ∗C φ∗B is an isomorphism and the maps
φ∗A
φ∗(s)
−−−→ φ∗C
φ∗(t)
←−−− φ∗B satisfy the condition (C).
Proof. Applying the functor φ∗ to the exact sequence
0→ A×C B → A× B
s−t
−−→ C → coker(s− t)→ 0
or locally free OX-modules we obtain the commutative diagram with exact rows
0 −−−→ φ∗(A×C B) −−−→ φ∗(A× B) −−−−→
φ∗(s−t)
φ∗C −−−→ φ∗ coker(s− t) −−−→ 0
y
y
yid
y
0 −−−→ φ∗A×φ∗C φ∗B −−−→ φ∗A× φ∗B −−−−−→
φ∗s−φ∗t
φ∗C −−−→ coker(φ∗s− φ∗t) −−−→ 0
Since the map φ∗(A × B) → φ∗A × φ∗B is an isomorphism it follows that so is the map
φ∗(A×C B)→ φ∗A×φ∗C φ∗B. 
4.2. O-modules over T . Suppose that X = (X,OX) is a DG manifold.
We denote by OX−Mod/TX the category of OX-modules over TX, i.e. the category of pairs
(E , π), where E ∈ OX−Mod and π : E → TX is a morphism OX−Mod in referred to as the
anchor.
A morphism t : (E1, π1)→ (E2, π2) in OX−Mod/TX is a morphism of OX-modules t : E1 → E2
such that π2 ◦ t = π1.
The category OX−Mod/TX has a terminal object, namely TX := (TX, id). The product
(E1, π1)× (E2, π2) is represented by E1 ×TX E2 → TX.
We shall call (E , π) transitive if the anchor map is surjective.
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4.3. Inverse image. Suppose that φ : Y→ X is a morphism of DG manifolds.
For E := (E , π) ∈ OX−Mod/TX the object φ+E ∈ OY−Mod/TY is defined as the left vertical
arrow in the pull-back square
(4.3.1)
φ+E
d˜φ
−−−→ φ∗E
φ+(π)
y
yφ∗(π)
TY
dφ
−−−→ φ∗TX
which is to say φ+E = TY ×φ∗TX φ
∗E .
A morphism t : (E1, π1) → (E2, π2) in OX−Mod/TX induces the morphism φ
+(t) : φ+E1 →
φ+E2 in OY−Mod/TY and the above construction extends to a functor, called pull-back or
inverse image under φ
φ+ : OX−Mod/TX → OY−Mod/TY.
The functor of inverse image preserves terminal objects, that is to say φ+TX = TY.
The functor of inverse image preserves transitivity: if E := (E , π) is transitive then so is
φ+E .
By the universal property of φ∗ there is a unique map φ∗(E1 ×φ∗TX E2) → φ
∗E1 ×TY φ
∗E2.
Since fiber products commute with products there is a unique isomorphism TY×φ∗TX (φ
∗E1×
φ∗E2)→ (TY ×φ∗TX φ
∗E2)×TY (TY ×φ∗TX φ
∗E2).
The composition
TY×φ∗TX φ
∗(E1×TX E2)→ TY×φ∗TX (φ
∗E1×φ∗TX φ
∗E2)→ (TY×φ∗TX φ
∗E2)×TY (TY×φ∗TX φ
∗E2)
gives rise to the map
(4.3.2) φ+(E1 ×TX E2)→ φ
+E1 ×TY φ
+E2
Lemma 9. Suppose that (Ei, πi) ∈ OX−Mod/TX, i = 1, 2, are locally free. Assume that
the maps E1
π1−→ TX
π2←− E2 satisfy condition (C). Then, the canonical map (4.3.2) is an
isomorphism.
Proof. Lemma 8 implies that the canonical morphism φ∗(E1 ×TX E2) → φ
∗E1 ×TY φ
∗E2 is an
isomorphism. Then the map (4.3.2) is an isomorphism. Moreover, the diagrams
φ+(E1 ×TX E2)
//

φ∗(E1 ×TX E2)

φ+E1 ×TY φ
+E2 // φ∗E1 ×φ∗TX φ
∗E2
φ+(E1 ×TX E2)
//
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲
φ∗E1 ×φ∗TX φ
∗E2
xxqqq
qq
qq
qq
qq
q
TY
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φ∗(E1 ×TX E2)
//
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼
φ∗E1 ×TY φ
∗E2
xx♣♣♣
♣♣
♣♣
♣♣
♣
φ∗TX
are commutative and the result follows. 
4.4. Inverse image and composition. Suppose given a map ψ : Z→ Y. Applying ψ∗ to
(4.3.1) we obtain the commutative diagram
(4.4.1)
ψ∗φ+E
ψ∗(d˜φ)
−−−−→ (φ ◦ ψ)∗E
ψ∗ψ+(π)
y
y(φ◦ψ)∗(π)
ψ∗TY
ψ∗(dφ)
−−−−→ (φ ◦ ψ)∗TX
which is not Cartesian in general. Combining the definition of ψ+ with (4.4.1) we obtain the
commutative diagram
(4.4.2)
ψ+φ+E
d˜ψ
−−−→ ψ∗φ+E
ψ∗(d˜φ)
−−−−→ (φ ◦ ψ)∗E
ψ+φ+(π)
y ψ∗φ+(π)
y
yψ∗φ∗(π)
TZ
dψ
−−−→ ψ∗TY
ψ∗(dφ)
−−−−→ (φ ◦ ψ)∗TX
On the other hand, the inverse image functor under the map φ ◦ ψ is defined by the
pullback diagram
(φ ◦ ψ)+E
˜d(φ◦ψ)
−−−−→ (φ ◦ ψ)∗E
(φ◦ψ)+(π)
y
y(φ◦ψ)∗(π)
TZ
d(φ◦ψ)
−−−−→ (φ ◦ ψ)∗TX
Since ψ∗(dφ) ◦ dψ = d(φ ◦ψ) the universal property of pull-back provides the canonical map
(4.4.3) c+φ,ψ : ψ
+φ+E → (φ ◦ ψ)+E
which satisfies
˜d(φ ◦ ψ) ◦ c+φ,ψ = ψ
∗(d˜φ) ◦ d˜ψ
(φ ◦ ψ)∗(π) ◦ c+φ,ψ = ψ
+φ+(π).
In general the canonical map c+φ,ψ is not an isomorphism.
Lemma 10. Suppose that (E , π) ∈ OX−Mod/TX is locally free and the maps TY
dφ
−→ φ∗TX
φ∗(π)
←−−−
φ∗E satisfy condition (C). Then, the map (4.4.3) is an isomorphism.
Proof. The assumptions and Lemma 8 imply that the diagram (4.4.1) is Cartesian. Thus,
both small squares in (4.4.2) are Cartesian hence so is their composition. 
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Suppose given yet another map ξ : W→ Z. In this case both compositions
W
ψ◦ξ
−−→ Y
φ
−→ X, W
ξ
−→ Z
φ◦ψ
−−→ X
provide respectively the canonical maps
(4.4.4) c+φ,ψ◦ξ : (ψ ◦ φ)
+φ+E → (φ ◦ ψ ◦ ξ)+E
(4.4.5) c+φ◦ψ,ξ : ξ
+(φ ◦ ψ)+E → (φ ◦ ψ ◦ ξ)+E
These two maps satisfy similar compatibility conditions as the map (4.4.3), namely
˜d(φ ◦ ψ ◦ ξ) ◦ c+φ,ψ◦ξ = (ψ ◦ ξ)
∗(d˜φ) ◦ ˜d(ψ ◦ ξ)
(φ ◦ ψ ◦ ξ)+(π) ◦ c+φ,ψ◦ξ = (ψ ◦ ξ)
+φ+(π)
and
˜d(φ ◦ ψ ◦ ξ) ◦ c+φ◦ψ,ξ = ξ
∗( ˜d(φ ◦ ψ)) ◦ d˜(ξ)
(φ ◦ ψ ◦ ξ)+(π) ◦ c+φ◦ψ,ξ = ξ
+(φ ◦ ψ)+(π)
Applying the functor ξ+ to the map (4.4.3) we obtain the map
(4.4.6) ξ+(c+φ,ψ) : ξ
+ψ+φ+E → ξ+(φ ◦ ψ)+E
which satisfies
ξ+ψ+φ+(π) = ξ+(φ ◦ ψ)+(π) ◦ ξ+(c+φ,ψ).
The inverse image functor ξ+ on the object (ψ+φ+E , ψ+φ+(π)) ∈ OZ−Mod/TZ is defined by
the pullback square
ξ+ψ+φ+E
d˜ξ
−−−→ ξ∗ψ+φ+E
ξ+ψ+φ+(π)
y
yξ∗ψ+φ+(π)
TW
dξ
−−−→ ξ∗TZ
The commutative diagram,
ξ+ψ+φ+E ξ∗ψ+φ+E ξ∗ψ∗φ+E ξ∗ψ∗φ∗E ∼= (φ ◦ ψ ◦ ξ)∗E
TW ξ
∗TZ ξ
∗ψ∗TY ξ
∗ψ∗φ∗TX ∼= (φ ◦ ψ ◦ ξ)
∗TX
d˜ξ
ξ+ψ+φ+(π) ξ∗ψ+φ+(π)
ξ∗(d˜ψ) ξ∗ψ∗ (˜dφ)
ξ∗ψ∗φ+(π) (φ◦ψ◦ξ)∗(π)
dξ ξ∗(dψ) ξ∗ψ∗(dφ)
and the universal property of pullback provide the canonical map
ξ+ψ+φ+E → (φ ◦ ψ ◦ ξ)+E .
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Lemma 11. The identity
c+φ◦ψ,ξ ◦ ξ
+(c+φ,ψ) = c
+
φ,ψ◦ξ ◦ c
+
ψ,ξ : ξ
+ψ+φ+E → (φ ◦ ψ ◦ ξ)+E
holds.
Proof. It is enough to check that both compositions make the following diagram
ξ+ψ+φ+E
(φ ◦ ψ ◦ ξ)+E (φ ◦ ψ ◦ ξ)∗E
TW (φ ◦ ψ ◦ ξ)∗TX
ξ∗ψ∗(d˜φ)◦ξ∗(d˜ψ)◦d˜ξ
ξ+ψ+φ+(π)
˜d(φ◦ψ◦ξ)
(φ◦ψ◦ξ)+(π) (φ◦ψ◦ξ)∗(π)
d(φ◦ψ◦ξ)
commutative. The computations
˜d(φ ◦ ψ ◦ ξ) ◦ c+φ,ψ◦ξ ◦ c
+
ψ,ξ = ξ
∗ψ∗(d˜φ) ◦ ˜d(ψ ◦ ξ) ◦ c+ψ,ξ
= (ψ ◦ ξ)∗(d˜φ) ◦ ξ∗d˜ξ
and
˜d(φ ◦ ψ ◦ ξ) ◦ c+φ◦ψ,ξ ◦ ξ
+(c+φ,ψ) = ξ
∗( ˜d(φ ◦ ψ)) ◦ d˜ξ ◦ ξ+(c+φ,ψ)
= ξ∗ψ∗(d˜φ) ◦ ξ∗(d˜ψ) ◦ d˜ξ
show that ˜d(φ ◦ ψ ◦ ξ)◦c+φ,ψ◦ξ ◦c
+
ψ,ξ =
˜d(φ ◦ ψ ◦ ξ)◦c+φ◦ψ,ξ◦ξ
+(c+φ,ψ). Similarly, the calculations
(φ ◦ ψ ◦ ξ)+(π) ◦ c+φ,ψ◦ξ ◦ c
+
ψ,ξ = (ψ ◦ ξ)
+ ◦ φ+(π) ◦ c+ψ,ξ
= ξ+ψ+φ+(π)
and
(φ ◦ ψ ◦ ξ)+(π) ◦ c+φ◦ψ,ξ ◦ ξ
+(c+φ,ψ = ξ
+(φ ◦ ψ)+(π) ◦ c+ψ,ξ
= ξ+ψ+φ+(π)
show that (φ ◦ ψ ◦ ξ)+(π) ◦ c+φ,ψ◦ξ ◦ c
+
ψ,ξ = (φ ◦ ψ ◦ ξ)
+(π) ◦ c+φ◦ψ,ξ ◦ ξ
+(c+φ,ψ). Therefore
c+φ◦ψ,ξ ◦ ξ
+(c+φ,ψ) = c
+
φ,ψ◦ξ ◦ c
+
ψ,ξ. 
5. Localization and descent
Our exposition is inspired by (Beilinson and Bernstein, 1993).
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5.1. General framework. We denote by Man the category of manifolds. For X ∈ Man
we denote by Xsm the full subcategory of Man /X with objects P
πP−→ X , where πP is a
submersion. The category Xsm is equipped with the Grothendieck topology (the “smooth”
topology) with covers given by surjective submersions.
We assume given a category P equipped with a functor p : P → Man; for a manifold X
we denote by PX the corresponding fiber, i.e. the full subcategory with objects F ∈ P such
that p(F) = X . We assume that the functor p makes P a category prefibered over Man.
This means, by definition, that
• For a morphism Y
f
−→ X in Man there is a functor fH : PX → PY of inverse image
along f
• For a pair of composable morphisms Z
g
−→ Y
f
−→ X there is a morphism of functors
cHf,g : g
HfH → (f ◦ g)H
which satisfy the associativity constraint
cHf◦g,h ◦ h
H(cHf,g) = c
H
f,g◦h ◦ c
H
g,h : h
HgHfHF → (f ◦ g ◦ h)HF ,
for any triple of composable morphisms W
h
−→ Z
g
−→ Y
f
−→ X and any F ∈ PX .
In addition, for each manifold X we assume given a full subcategory P♭X of PX . We
assume that, if Y
f
−→ X is a submersion and F ∈ P♭X then f
HF ∈ P♭Y , and for g arbitrary
the morphism cHf,g : g
HfHF → (f ◦ g)HF is an isomorphism.
Example 12.
(1) Let (O−Mod/T )♯ denote the category with objects pairs (X, E), whereX is a manifold
and E ∈ OX♯−Mod/TX♯ . A morphism u : (Y,F) → (X, E) is a pair u = (f, t), where
f : Y → X is a map of manifolds and t : F → f ♯+E is a morphism in OX♯−Mod/TX♯ .
The functor
(5.1.1) (O−Mod/T )♯ →Man : (X, E) 7→ X, (f, t) 7→ f
makes (O−Mod/T )♯ a prefibered category over the category Man of manifolds.
Let (O−Modlf/T )♯X denote the full subcategory of (O−Mod/T )
♯
X with objects lo-
cally free of finite rank over OX♯ .
This is an example of the framework of 5.1 with P = (O−Mod/T )♯, P♭X =
(O−Modlf/T )♯X and the functor of inverse image defined in 4.3.
(2) Lie algebroids, see 6.4
(3) Marked Lie algebroids, see 6.5
(4) Courant algebroids, see 7.7
5.2. The category of descent data. For P
πP−→ X in Xsm consider the diagram
P ×X P ×X P
πij
−−→
−−→
−−→ P ×X P
πi−−→
−−→ P
πP−→ X
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where the maps πi, i = 1, 2 (respectively, πij , 1 6 i < j 6 3) denote projections onto the i
th
(respectively, ith and jth) factor.
We denote by Desc(P ;P♭) = Desc(P
πP−→ X ;P♭) the category with objects pairs (F , gF),
where
• F ∈ P♭P ;
• gF : πH2F → π
H
1F is an isomorphism which satisfies the cocycle condition π
H
12(gF) ◦
πH23(gF) = π
H
13(gF).
A morphism t : (F , gF) → (F ′, gF ′) in Desc(P ;P♭) is a morphism t : F → F ′ in P♭P which
satisfies π′H1 (t) ◦ gF ′ = gF ◦ π
H
2 (t).
The assignment (F , gF) 7→ F defines a functor Desc(P ;P♭)→ P♭P .
5.3. Localization. For E ∈ P♭X and P
πP−→ X in Xsm let EP := πHPE ∈ P
♭
P . If Q
f
−→ P is a
morphism in Xsm, the map cπP ,f : EQ → EP is an isomorphism. Therefore, the assignment
Xsm ∋ P 7→ EP defines a Cartesian section of P/Xsm.
The functor πHP : P
♭
X → P
♭
P lifts to the functor
(5.3.1) π˜HP : PX → Desc(P ;P
♭)
defined by E 7→ (EP , gEP ), where gEP is the composition of the canonical isomorphisms
πH2 EP
∼= EP×XP
∼= πH1 EP .
A morphism f : Q→ P in Xsm induces the functor
f˜H : Desc(P ;P♭)→ Desc(Q;P♭)
defined by (F , gF) 7→ (fHF , (f ×X f)HgF).
5.4. Descent. We shall say that P
πP−→ X ∈ Xsm is classical if πP is a disjoint union of open
embeddings.
For any smooth cover P
πP−→ X there exists a classical cover T
πT−→ X such that HomXsm(T, P ) 6=
∅, i.e. there exists a morphism f : T → P such that πT = f ◦ πP . In other words, every
smooth cover admits a classical refinement.
We shall say that P♭ has the smooth (respectively, classical) descent property if for any
smooth (respectively, classical) cover P
πP−→ X the functor (5.3.1) is an equivalence.
Theorem 13. If P♭ has the classical descent property then it has the smooth descent property.
Proof. Suppose that f : T → P is a morphism in Xsm with T
πT−→ X a classical cover. For
(F , gF) ∈ Desc(P ;P
♭) there exist E ∈ P♭X and an isomorphism π˜
H
TE
∼= f˜H(F , gF).
Consider the diagram
(5.4.1)
P ×X T
prT−−−→ T
prP
y
yπT
P
πP−−−→ X
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Note that prP : P×X T → P a classical cover of P . Since πP ◦prP = πT ◦prT , pr2◦(id×f) =
f ◦ prT and pr1 ◦ (id× f) = prP there are isomorphisms
(5.4.2) p˜rHP π˜
H
PE
∼= p˜rHT π˜
H
TE
∼= p˜rHT f˜
H(F , gF) ∼=
∼= ˜(id× f)Hp˜rH2 (F , gF)
˜(id×f)H(gF )
−−−−−−−→ ˜(id× f)Hp˜rH1 (F , gF)
∼= p˜rHP (F , gF)
Since prP : P ×X T → P is a classical cover of P the functor p˜r
H
P is an equivalence by as-
sumption. Therefore, an isomorphism p˜rHP (F , gF)
∼= p˜rHP π˜
H
PE is equivalent to an isomorphism
(F , gF) ∼= π˜HPE . Thus, the functor π˜
H
P is essentially surjective.
Since f˜H ◦ π˜HP
∼= π˜HT is an equivalence, it follows that π˜
H
P is faithful.
Suppose that (F1, gF1)
φ
−→ (F , gF2) is a morphism in Desc(P ;P
♭). Then, there exits a
morphism E1
ψ
−→ E2 in P♭X and isomorphisms π˜
H
T Ei
∼= f˜H(Fi, gFi) which intertwine φ and ψ.
Proceeding as in the proof of essential subjectivity one obtains the commutative diagram
p˜rHP π˜
H
PE1
∼=
−−−→ p˜rHP (F1, gF1)
p˜rHP π˜
H
P (ψ)
y
yp˜rHP (φ)
p˜rHP π˜
H
PE2
∼=
−−−→ p˜rHP (F1, gF2)
Since the functor p˜rHP is an equivalence by assumption it follows that φ = π˜
H
P (ψ). Therefore
the functor π˜HP is full. 
Corollary 14 (of Theorem 13). (O−Modlf/T )♯ has the smooth descent property.
6. Inverse image for Lie algebroids
The anchor map of an OX-Lie algebroid A renders the latter as an object of OX−Mod/TX.
This correspondence extends to a functor OX−LieAlgd→ OX−Mod/TX.
6.1. Inverse image for Lie algebroids. For an OX-Lie algebroid A and a map of DG-
manifolds φ : Y→ X the inverse image φ+A has a canonical structure of a Lie algebroid on
Y. Namely, the bracket on φ+A is given by
[(f ⊗ a, ξ), (g ⊗ b, η)] = ((−1)agfg ⊗ [a, b] + ξ(g)⊗ b− (−1)ηξη(f)⊗ a, [ξ, η]),
where f, g ∈ OY, a, b ∈ A, ξ, η ∈ TY are homogeneous elements respectively. Since (f ⊗
a, ξ), (g ⊗ b, η) are homogeneous elements, a+ f = ξ and g + b = η.
For any composition of maps of DG-manifolds
Z
ψ
−→ Y
φ
−→ X,
a general element in ψ+φ+A is a finite sum of homogeneous elements of the form (h⊗ (f ⊗
a, ξ), ρ), where h ∈ OZ, f ∈ OY, a ∈ A, ξ ∈ TY and ρ ∈ TZ. In these terms, the canonical
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map c+φ,ψ : ψ
+φ+A → (φ ◦ ψ)+A in the category OZ−Mod/TZ is equal to
c+φ,ψ(h⊗ (f ⊗ a, ξ), ρ) = (hψ
∗(f)⊗ a, ρ),
where,
(6.1.1) (dψ)(ρ) = h⊗ ξ,
see Subsection 4.4.
Lemma 15. The map c+φ,ψ is a morphism of OZ-Lie algebroids.
Proof.
[c+φ,ψ(h⊗ (f ⊗ a, ξ), ρ), c
+
φ,ψ(l ⊗ (g ⊗ b, η), ν)]
= [(hψ∗(f)⊗ a, ρ), (lψ∗(g)⊗ b, ν)]
= (ρ(l)ψ∗(g)⊗ b+ (−1)ρllρ(ψ∗(g))⊗ b− (−1)νρν(h)ψ∗(f)⊗ a
− (−1)νρ+νhhν(ψ∗(f))⊗ a + (−1)lf+a(f+g)hlψ∗(fg)⊗ [a, b], [ρ, ν]).
On the other hand,
c+φ,ψ[(h⊗ (f ⊗ a, ξ), ρ), (l⊗ (g ⊗ b, η), ν)]
= c+φ,ψ(ρ(l)⊗ (g ⊗ b, η)− (−1)
νρν(h)⊗ (f ⊗ a, ξ) + (−1)lξhl ⊗ [(f ⊗ a, ξ), (g ⊗ b, η)], [ρ, ν])
= c+φ,ψ(ρ(l)⊗ (g ⊗ b, η)− (−1)
νρν(h)⊗ (f ⊗ a, ξ)
+ (−1)lξhl ⊗ ((−1)agfg ⊗ [a, b] + ξ(g)⊗ b− (−1)ηξη(f)⊗ a, [ξ, η]), [ρ, ν])
= (ρ(l)ψ∗(g)⊗ b− (−1)νρν(h)ψ∗(f)⊗ a+ (−1)lξhl(ψ∗(ξ(g))⊗ b
− (−1)lξ+ηξψ∗(ν(f))⊗ a+ (−1)lξ+agψ∗(fg)⊗ [a, b]), [ρ, ν]).
Comparing term by term the calculations of [c+φ,ψ(h⊗ (f ⊗ a, ξ), ρ), c
+
φ,ψ(l⊗ (g⊗ b, η), ν)] and
c+φ,ψ[(h⊗ (f ⊗ a, ξ), ρ), (l⊗ (g ⊗ b, η), ν)], it remains to show that
hl(ψ∗(ξ(g)))⊗ b = lρ(ψ∗(g))⊗ b,
hl(ψ∗(η(f)))⊗ a = hν(ψ∗(f))⊗ a.
Applying the formula (6.1.1) in the first case one gets,
(−1)lξhl(ψ∗(ξ(g)))⊗ b = (−1)lh+lξl(hψ∗(ξ(g)))⊗ b = (−1)lρl(h⊗ ξ(g)⊗ b) = lρ(ψ∗(g))⊗ b.
The second case is analogous. 
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6.2. Inverse image for marked Lie algebroids. Suppose that Y
φ
−→ X is a map of DG-
manifolds. Let (A, c) ∈ OX−LieAlgd⋆n be a marked Lie algebroid on X, i.e. there is a map
of marked Lie algebroids
OX[n]
·c
−→ A.
Since φ+OX[n] = ker(dφ)⊕OY[n], there is a canonical map
(6.2.1) OY[n]→ ker(dφ)⊕OY[n] = φ
+OX[n]
Let φ+(c) ∈ Γ(Y ;φ+A)−n denote the image of 1 ∈ Γ(Y ;OY) under the composition
OY[n]
(6.2.1)
−−−→ φ+OX[n]
φ+(·c)
−−−→ φ+A .
The pair (φ+A, φ+(c)) is a marked Lie algebroid denoted φ+(A, c). The map
OY[n]
·φ+(c)
−−−→ φ+A .
is given by g 7→ (g ⊗ c, 0) for g ∈ OY[n].
The assignment (A, c) 7→ φ+(A, c) extends to a functor
φ+ : OX−LieAlgd
⋆
n → OY−LieAlgd
⋆
n .
For any composition of maps of DG-manifolds, Z
ψ
−→ Y
φ
−→ X, the morphism c+φ,ψ makes
the diagram
OZ[n]
·ψ+φ+(c) ((❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
·(φ◦ψ)+(c)
// (φ ◦ ψ)+A
ψ+φ+A
c+φ,ψ
OO
commutative.
Lemma 16. The map c+φ,ψ is a morphism of marked Lie algebroids.
Proof. Lemma 15 implies that c+φ,ψ is a morphism of OY-Lie algebroids. For g ∈ OZ
g · (φ ◦ ψ)+(c) = (g ⊗ c, 0),
by construction. On the other hand, the calculation
c+φ,ψ(g · ψ
+φ+(c)) = c+φ,ψ(g ⊗ (1⊗ c, 0), 0) = (g ⊗ c, 0)
shows that g · (φ ◦ ψ)+(c) = c+φ,ψ(g · ψ
+ψ+(c)), i.e. c+φ,ψ preserves the marking. 
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6.3. Inverse image for O[n]-extensions. Suppose that Y
φ
−→ X is a map of DG-manifolds
and B is a OX-Lie algebroid.
Lemma 17. Suppose that (A, c) is a O[n]-extension of B. Then, φ+(A, c) is a O[n]-extension
of φ+B.
Proof. Since both small squares in the commutative diagram
φ+B ×φ∗B φ∗A −−−→ φ+B −−−→ TYy
y
y
φ∗A −−−→ φ∗B −−−→ φ∗TX
are Cartesian, so is the large one. Therefore there is a canonical isomorphism φ+A ∼=
φ+B ×φ∗B φ∗A. Hence, φ+(A, c) is a O[n]-extension of φ+B. 
Thus, the inverse image functor for marked Lie algebroids induces a functor
(6.3.1) φ+ : O[n]Ext(B)→ O[n]Ext(φ+B)
Proposition 18. The functor (6.3.1) is a morphism of C-vector spaces in categories (and,
in particular, of Picard groupoids).
Proof. We prove the statement in the case λ1A1 ∔ λ2A2. The general case is analogous and
is left to the reader
Recall that for any object A ∈ O[n]Ext(B) there is the canonical isomorphism φ+A =
φ+B ×φ∗B φ∗A. Thus, for a pair of objects A1,A2 ∈ O[n]Ext(B) there is a sequence of
isomorphisms
φ+A1 ×φ+B φ
+A2 ∼= (φ
+B ×φ∗B φ
∗A1)×φ+B (φ
+B ×φ∗B φ
∗A2)
∼= TY ×φ∗TX (φ
∗A1 ×φ∗B φ
∗A2) ∼= TY ×φ∗TX φ
∗(A1 ×B A2) ∼= φ
+(A1 ×B A2) .
The inverse image functor φ+ applied to the commutative diagram
OX[n]×OX[n] −−−→ A1 ×B A2
(α1,α2)7→λ1α1+λ2α2
y
y
OX[n] −−−→ λ1A1 ∔ λ2A2
and canonical isomorphisms φ+(OX[n]×OX[n]) ∼= φ
+OX[n]×φ
+OX[n] and φ
+A1×φ+Bφ
+A2 ∼=
φ+(A1 ×B A2) give rise to the commutative diagram
OY[n]×OY[n]
((6.2.1),(6.2.1))
−−−−−−−−→ φ+OX[n]× φ+OX[n] −−−→ φ+A1 ×φ+B φ
+A2
(α1,α2)7→λ1α1+λ2α2
y
yφ+((α1,α2)7→λ1α1+λ2α2)
y
OY[n]
(6.2.1)
−−−→ φ+OX[n] −−−→ φ+(λ1A1 ∔ λ2A2) .
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Therefore, there is a unique morphism in O[n]Ext(φ+B)
(6.3.2) λ1φ
+A1 ∔ λ2φ
+A2 → φ
+(λ1A1 ∔ λ2A2) .

6.4. Smooth localization for Lie algebroids. Let (O−LieAlgd)♯ denote the category
with objects pairs (X,A), where X is a manifold and A ∈ OX♯−LieAlgd. A morphism
u : (Y,B) → (X,A) is a pair u = (f, t), where f : Y → X is a map of manifolds and
t : B → f ♯+(A is a morphism in OY ♯−LieAlgd. It follows from Lemma 15 that the forgetful
functor (X,A) 7→ X makes (O−LieAlgd)♯ a category prefibered over Man.
Let (O−LieAlgdlf)♯X denote the full subcategory of (O−LieAlgd)
♯
X with objects locally
free of finite rank over OX♯ .
This is an example of the framework of 5.1 with P = (O−LieAlgd)♯, P♭X = (O−LieAlgd
lf)
♯
X
and the functor of inverse image defined in 6.1.
Corollary 19 (of Theorem 13). (O−LieAlgdlf)♯ has the smooth descent property.
6.5. Smooth localization for marked Lie algebroids. Let (O−LieAlgd⋆n)
♯ denote the
category with objects pairs (X, (A, c)), where X is a manifold and (A, c) ∈ OX♯−LieAlgd
⋆
n.
A morphism u : (Y, (B, b)) → (X, (A, c)) is a pair u = (f, t), where f : Y → X is a map
of manifolds and t : (B, b) → f ♯+A, c) is a morphism in OY ♯−LieAlgd
⋆
n. It follows from
Lemma 15 and Lemma 16 that the forgetful functor (X, (A, c)) 7→ X makes (O−LieAlgd⋆n)
♯
a category prefibered over Man.
Let (O−LieAlgd⋆lfn )
♯
X denote the full subcategory of (O−LieAlgd
⋆
n)
♯
X with objects locally
free of finite rank over OX♯ .
This is an example of the framework of 5.1 with P = (O−LieAlgd⋆n)
♯, P♭X = (O−LieAlgd
⋆lf
n )
♯
X
and the functor of inverse image defined in, 6.2.
Corollary 20 (of Theorem 13). (O−LieAlgd⋆n)
♯ has the smooth descent property.
7. Inverse image for Courant algebroids
7.1. The inverse image functor. Suppose that f : Y → X is a map of manifolds. For
Q ∈ CA(X) the functor of inverse image under f for Courant algebroids denoted
f++ : CA(X)→ CA(Y )
is defined by
f++Q := Q(f+τQ).
in the notation of 3.8.
7.2. Explicit description. Suppose that Q is a Courant algebroid on X and f : Y → X
is a map of manifolds. It transpires from the definition, that f++Q is a sub-quotient of
Ω1Y ⊕ f
∗Q⊕ TY :
Ω1Y ⊕ f
∗Q⊕ TY ←֓ Ω
1
Y ⊕ f
∗Q×f∗TX TY → f
++Q.
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7.2.1. The symmetric pairing. Let 〈 , 〉′ denote the symmetric pairing on f ∗Q ⊕ TY such
that
(1) it restricts to the pairing induced by 〈 , 〉 on f ∗Q,
(2) 〈TY , TY 〉 = 0,
(3) for α ∈ f ∗Ω1X , ξ ∈ TY , 〈i(α), ξ〉
′ = ιξdf
∨(α).
Let 〈 , 〉′′ denote the unique symmetric pairing on Ω1Y ⊕ f
∗Q×f∗TX TY such that
(1) it restricts to the pairing 〈 , 〉′ on f ∗Q×f∗TX TY ,
(2) 〈Ω1Y ,Ω
1
Y 〉 = 0,
(3) for α ∈ Ω1Y , q ∈ f
∗Q×f∗TX TY , 〈α, q〉
′′ = ισ(q)α.
Since
〈(df∨(α),−i(α), 0), (β, q, ξ)〉′′ = 0
for all α ∈ f ∗Ω1X , β ∈ Ω
1
Y , (q, ξ) ∈ f
∗Q×f∗TX TY , it follows that the pairing 〈 , 〉
′′ descends
to a symmetric pairing on f++Q which we will denote by 〈 , 〉.
7.2.2. The bracket. Let [ , ]′ denote the unique operation on Ω1Y ⊕ f
∗Q⊕TY defined by the
formula
[(α, h⊗ q, ξ), (β, j⊗ p, η)]′ = (−ιηdα+Lξβ+ jdh〈q, p〉, hj⊗ [q, p]− ιηdh⊗ q+Lξj⊗ p, [ξ, η]),
where α, β ∈ Ω1Y , h, j ∈ OY , q, p ∈ Q and ξ, η ∈ TY .
For any γ ∈ f ∗Ω1X , the calculation
[(df∨(γ),−i(γ), 0), (β, j ⊗ p, η)]′ = (−ιηd(df
∨(γ)),−j ⊗ [γ, p], 0)
= (−ιηd(df
∨(γ)), j ⊗ Lπ(p)γ − j ⊗ π
†(d〈p, γ〉), 0)
= (−ιηd(df
∨(γ)), j ⊗ Lπ(p)γ − j ⊗ dιπ(p)(γ), 0)
= (−ιη(df
∨(dγ)), j ⊗ ιπ(p)(dγ), 0),
shows that the bracket [ , ]′ descends to an operation on f++(Q) which we will denoted by
[ , ].
Remark 21. The construction of inverse image for Courant algebroids specializes to that
(Li-Bland and Meinrenken, 2009) under suitable transversality assumptions.
7.3. Twisting by a 3-form. Suppose that Q is a Courant algebroid on X and H is a closed
3-form on X . Recall that the H-twist of Q, denoted QH , is the Courant algebroid whose
symmetric pairing and the anchor map coincide with the ones given on Q and the bracket
is given by the
[q, p]H = [q, p] + π
†(ιπ(p)ιπ(q)H),
for any q, p ∈ Q.
Suppose that f : Y → X is a map of manifolds.
Lemma 22.
(f++Q)f∗H = f
++QH .
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Proof. The underlying OY -modules of both objects coincide. The bracket on f++QH is given
by the formula,
[(α, h⊗ q, ξ), (β, j ⊗ p, η)]
= (−ιηdα+ Lξβ + jdh〈q, p〉, hj ⊗ [q, p]H − ιηdh⊗ q + Lξj ⊗ p, [ξ, η])
= (−ιηdα+Lξβ+ jdh〈q, p〉, hj⊗ [q, p]− ιηdh⊗q+Lξj⊗p, [ξ, η])+(0, hj⊗π
†(ιπ(p)ιπ(q)H), 0)
= [(α, h⊗ q, ξ), (β, j ⊗ p, η)] + (0, hj ⊗ π†(ιπ(p)ιπ(q)H), 0).
On the other hand, the bracket on (f++Q)f∗H is given by the formula
[(α, h⊗ q, ξ), (β, j ⊗ p, η)]f∗H = [(α, h⊗ q, ξ), (β, j ⊗ p, η)] + (ιξιηf
∗H, 0, 0)
= [(α, h⊗ q, ξ), (β, j ⊗ p, η)] + (0, π†(H(df(ξ), df(η), )), 0)
= [(α, h⊗ q, ξ), (β, j ⊗ p, η)] + (0, hj ⊗ π†(ιπ(p)ιπ(q)H), 0).

7.4. Connections. Recall that a connection ∇ on a Courant algebroid Q on X is splitting
∇ : TX → Q of the anchor map π : Q → TX isotropic with respect to the symmetric pairing
on Q. We denote by C(Q) the sheaf of locally defined connections on Q.
Suppose that Q is a Courant algebroid on X , and f : Y → X is a map of manifolds. A
connection ∇ on Q induces a splitting f ∗(∇) : f ∗TX → f ∗Q of f ∗(π) and the splitting
(7.4.1) TY ×f∗TX f
∗(∇) : TY → TY ×f∗TX f
∗Q
of TY ×f∗TX f
∗(π).
Let f++(∇) : TY → f++Q denote the composition
TY
(7.4.1)
−−−→ TY ×f∗TX f
∗Q → f++Q.
Lemma 23. The map f++(∇) is a connection on f++Q.
Proof. For ξ ∈ TY , f++(∇)(ξ) = (0, f ∗(∇)(df(ξ)), ξ). Then
〈f++(∇)(ξ), f++(∇)(η)〉 = 〈(0, f ∗(∇)(df(ξ)), ξ), (0, f ∗(∇)(df(η)), η)〉 = 0.

Therefore, the map f induces the morphism of sheaves
(7.4.2) f++ : f−1C(Q)→ C(f++Q).
7.5. Inverse image and linear algebra. Suppose that f : Y → X is a map of manifolds
and A ∈ OX−LieAlgd.
Lemma 24. Suppose that Q is a Courant extension of A. Then, f++Q is a Courant
extension of f+A.
Proof. Follows from Proposition 6 and Lemma 17. 
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Thus, the inverse image functor for Courant algebroids induces a functor
(7.5.1) f++ : CExt(A)→ CExt(f+A)
Proposition 25. The functor (7.5.1) is a morphism of C-vector spaces in categories (and,
in particular, of Picard groupoids).
Proof. Follows from Proposition 7 and Proposition 18. 
7.6. Exact Courant algebroids. Suppose that Q is an exact Courant algebroid on X .
Recall ((Bressler, 2007), 3.7) that the sheaf C(Q) of locally defined connections onQ together
with the curvature map c : C(Q) → Ω3,clX is a (Ω
2
X → Ω
3,cl
X )-torsor and the assignment Q 7→
(C(Q), c) defines an equivalence ECA(X) → (Ω2X → Ω
3,cl
X )−torsors of C-vector spaces in
categories.
Suppose that f : Y → X is a map of manifolds. The map (7.4.2) is a morphism of torsors
relative to the map f ∗ : f−1Ω2X → Ω
2
Y , hence induces the morphism of Ω
2
Y -torsors
(7.6.1) f++ : f ∗C(Q) := Ω2Y ×f−1Ω2X f
−1C(Q)→ C(f++Q).
Lemma 26. The diagram
f−1C(Q)
f++
−−−→ C(f++Q)
f∗(c)
y
yc
f−1Ω3,clX
f∗
−−−→ Ω3,clY
is commutative.
Proof. By definition, for ∇ ∈ C(Q), the curvature c(∇) ∈ Ω3,clX is defined by
c(∇)(ξ, η) = [∇(ξ),∇(η)]−∇([ξ, η]),
where ξ, η ∈ TX .
For ξ, η ∈ TY , the computation
c(f++(∇))(ξ, η) = [f++(∇(ξ)), f++(∇(η))]− f++(∇([ξ, η]))
= (0, [f ∗(∇)(df(ξ)), f ∗(∇)(df(η))], [ξ, η])− (0, f ∗(∇)(df([ξ, η])), [ξ, η])
= (0, [f ∗(∇)(df(ξ)), f ∗(∇)(df(η))]− f ∗(∇)(df([ξ, η])), 0)
= ((df)∨([f ∗(∇)(df(ξ)), f ∗(∇)(df(η))]− f ∗(∇)(df([ξ, η]))), 0, 0)
= f ∗(c(∇))(ξ, η)
implies the claim. 
Proposition 27. The diagram
ECA(X)
(C,c)
−−−→ (Ω2X → Ω
3,cl
X )−torsors
f++
y
yf∗
ECA(Y )
(C,c)
−−−→ (Ω2Y → Ω
3,cl
Y )−torsors
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is commutative.
Proof. The map (7.6.1) provides the isomorphism f ∗ ◦ C ∼= C ◦ f++. Lemma 26 says that it
is a morphism of (Ω2Y → Ω
3,cl
Y )-torsors. 
7.7. Smooth descent for Courant algebroids. Let CA denote the category with objects
pairs (X,Q), where X is a manifold and Q ∈ CA(X). A morphism u : (Y,Q′)→ (X,Q) is a
pair u = (f, t), where f : Y → X is a map of manifolds and t : Q′ → f++Q is a morphism in
CA(Y ). Lemma 15 and the definition of the inverse image functor imply that the forgetful
functor (X,Q) 7→ X makes CA a prefibered category over Man.
Let CAlf(X) denote the full subcategory of CA(X) with objects locally free of finite rank
over OX . This is an example of the framework of 5.1 with P = CA, P♭X = CA
lf(X) and the
functor of inverse image defined in 7.1.
Corollary 28 (of Theorem 13). CAlf has the smooth descent property.
7.8. Dirac structures with support. Suppose that Z is a submanifold of X and let
i : Z → X denote the embedding. Let Q be a Courant algebroid on X locally free of
finite rank over OX . For an OX-module E and a submodule F ⊂ i∗E we denote by F˜ the
sub-module of E defined by the Cartesian square
F˜ −−−→ Ey
y
i∗F −−−→ i∗i∗E
Definition 29 ((Alekseev and Xu, 2002; Bursztyn et al., 2009)). A Dirac structure in Q
supported on Z is a sub-bundle K ⊂ i∗Q which satisfies
(1) K is maximal isotropic with respect to the restriction of the symmetric pairing;
(2) K is mapped to TZ under (the restriction of) the anchor map;
(3) the sheaf K˜ is closed under the bracket on Q.
We denote the collection of Dirac structures in Q supported on Z by DirZ(Q) and set
Dir(Q) := DirX(Q).
Remark 30. The second condition in Definition 29 is equivalent to K ⊂ TZ ×i∗TX i
∗Q ⊂ i∗Q.
Let N ∨Z|X denote the conormal bundle defined by the exact sequence
0→ N ∨Z|X → i
∗Ω1X
di∨
−−→ Ω1Z → 0,
i.e. N ∨Z|X = ann(TZ).
Suppose that K is a Dirac structure supported on Z. In view of Remark 30 K+π†(N ∨Z|X)
is isotropic. Therefore, by maximality of K, K = K + π†(N ∨Z|X), and π
†(N ∨Z|X) ⊂ K.
Recall that, by definition, i++Q = TZ ×i∗TX i
∗Q/π†(N ∨Z|X). Let
i++K := K/π†(N ∨Z|X).
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Proposition 31.
(1) i++K is a Dirac structure in i++Q.
(2) The assignment K 7→ i++K defines a bijection between the set of almost Dirac struc-
tures in Q supported on Z and the set of almost Dirac structures in i++Q.
Proof. Given such a D/ ⊂ i++Q, its pre-image in i+Q, i.e. D/+ π†(N ∨Z|X), is a Dirac structure
supported on Z. 
For φ ∈ HomCA(X)(Q1,Q2) the graph Γφ is a subsheaf of Q1 × Q2. Since, by definition,
φ induces the identity map on TX , it follows that Γφ ⊂ Q1 ×TX Q2. Since, by definition, φ
restricts to the identity map on Ω1X , it follows that Γφ∩(Ω
1
X×Ω
1
X) is the diagonal. Therefore,
the restriction of the map
Q1 ×TX Q2 → Q1 ∔Q2
to Γφ is a monomorphism and (the image of) Γφ is a Dirac structure in Q1 ∔ Q2. The
assignment φ 7→ Γφ defines a canonical map
HomCA(X)(Q1,Q2)→ Dir(Q1 ∔Q
op
2 ).
7.9. Courant algebroid morphisms ((Alekseev and Xu, 2002; Bursztyn et al., 2009)).
Suppose that f : Y → X is a map of manifolds, QX ∈ CA(X), QY ∈ CA(Y ). Let
prX : Y × X → X and prY : Y × X → Y denote the projections; let γf : Y → Y × X
denote the graph embedding y 7→ (y, f(y)).
The sheaf pr∗YQY ⊕pr
∗
XQ
op
X is endowed with the canonical structure of a Courant algebroid
on Y ×X canonically isomorphic to pr++Y QY ∔ pr
++
X Q
op
X .
According to Proposition 31 a Courant algebroid morphism ((Alekseev and Xu, 2002;
Bursztyn et al., 2009)) K ∈ Dirγf (Y )(pr
++
Y QY ∔pr
++
X Q
op
X ) corresponds to the Dirac structure
γf(Y )
++K ∈ Dir(γ++f (pr
++
Y QY ∔ pr
++
X Q
op
X ))
∼= Dir(QY ∔ f++Q
op
X ) and there is a canonical
map
HomCA(Y )(QY , f
++QX)→ Dirγf (Y )(pr
++
Y QY ∔ pr
++
X Q
op
X ).
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